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Chapter C1

Analytical geometry

C1.1 Gradient:
C1.1.1 Calculating the gradient:

In grade 10 the following formula for the gradient of the straight line were derived:

Deduction of a formula for the gradient of a straight line;
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In the graph on the lefi, the straight line
is through A(2 ; ) and B0 ; -4).

The difference between the y-values is.
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The difference befween the x-values is:
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E.g.2 Calculate the gradient of the line through the following points: M(2; -1) and Nf-2:3)

o 2k ok %k ok ok
X ¥y Xo Yo
M2, -1) and N¢-2: 3)
¥ _3-(-D) _ 3+1 _ 4
Tox, - g -2 -0 -2-2 -

om,, = =1







C1.1.2 Application of the gradient:
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the lines are perpendicular,
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Parallel lines have the same gradients: If m,

=

v
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The angle of inclination above is 0 and it is

an acute angle (0° < § < 90°). if the line
has a positive gradient.

To calculate the angle of inclination:

=m, <
The product of the gradients of perpendicular lines isequalto -1: If m, x m, =-1 &

the lines are parallel.

Three or more paints are collinear if the points lie on the same straight line.
< points A. B and C lies on the same straight line,
The angle of inclination is the angle between the straight line and the positive x-axis:

Y

A

N

The angle of inclination above is 6 and it
is an obtuse angle (90°< 8 < 180°), if
the line has a negative gradient.

tan 6 = mp

E.g3 Consider: P(-3;-2), Q5 4) and R(l;-4)
(a) Determine whether the points are collinear.

(b) Prove that OR | PR.

(c) Calculate the angle of inclination (correct to 2 decimals) of line PQ.

ok ok o K o
Yo = Ve 4 =(=2) 4+ 2 6 3
(@) m,, = — S = = = — = —
- X, — X, 3 —(-3) g+ 3 & 4
_ e =Ny _-4—4__—8 _
nm,,, = = = 28— = 2
) X T Xy I -3 —f
. P, Qand R is not collinear, because m,,, # m,,
(b) We calculated in (a) that m vl & 4
_ YR = ¥e _ 4 —-(-2) _ ~4+2 -2 -1
mp, = = = = = = —
gal 5, I-¢-3 1+ 3 4 2
., I"UR x ”JJ'R =] E x ;] = _]
) 1 2
L OR 1L PR
. 3
(¢c) We calculated in (a) that  m ro = ;

tan @ J

0 = 3687






Exercise 1: Date:

(1) Determine whether points A, B and C are collinear or not:

(@ A(1;2),B(3;5) and C(5;7) () A(-1:;3), B(4;0) and C(14; 6)
Mag = g — ¢ mﬂgrﬁ
- S5 -2 _ 3 =9 =3 =3
-1 T2 L -(~) s
rec * Z=F, e s
. I -85 - 2 _ =4 - o _ &
~ 5~ 3 2~/ 4~ 4 /0
[ prg C—‘nC/ C ﬁOZ- ca//xinec“f—l .’ ¥ %)f{g O’TC/ C- /)07‘ CC///;\€O( /

(2) M(-2;-4) , N(1;-3) , R2;-1) , T(-3;-1) and K(3; -4)
(2) Determine which of the following lines are parallel and which are perpendicular:
MN, TK,RK, NR and T™M

(b) Without calculating the angle of inclination, determine which of the lines in (a) have
an acute angle of inclination.

(c) Calculate the angle of inclination of line TN.
T LM = "3"(*1_-&).. -3ty - !

(a) M = ey -~ [ —(~2) " ) -3
~4 = (=) = - —
_ g&—gr _ C-f - 4 1 1 =) 3 =
Mgk = e —2¢, =~ 3= (-3) 3 +23 é 2
- = 2~ _ T4+t | o3
Merx T Xe ~xge 3 -2 3 — 2 [T =3
—gn o 2t -C3) . -~ +3 A
MR = oeg =54, il 2=y ) - 2
ym—gr - = = (= = —CE NS = _——3 =
My = xm—oce "-2‘(‘35 —2+3 / -3

Mas L RIS
/%ra //e/ AHE‘S s /?/C//TM /gr/pervd'c ué;r- ﬁf’ﬁ K L MR

(b) Z;qes MN cne! MR ('posfréf'ue (/c;roo{'eﬁ%s _/)

( - [ r - 4
c) M — X a) = DCT i NéGf'? G = m= =
= ‘1_3 _(—‘ o =) .
~ t = (-3) v 8 Tisc” T «26{,6
- Bk Ry o
T I3 G4 2 S = /53 4
() D(-3;-1) , EQ0;-4) , F(-1;¥) , G(x;3) and H(2;2). Calculate the value of:
(a) x,if EG // DH (b} v,ifFH L DE
ge—Ye _ 3 — (-4) GaYe - RT Y a-gy
Még = Xe-—xe 2 — O FEH = Xw~=x¢ 2=(=2) " 3
L =40 2 = (-—i) - 3 QF'#D - 4 —(-1) = 4+ . -_3
Mot = Fn=—xs -~ 2 —-(-3) & Mpe “Xe-2¢, " o () o+ ~ 3
g -3 a~ 3
~ e (e o) s 25« T =~ (Fya pe)
= 3
> =S5 (2= )(-1) =€)
kv
38 =3X ~2+y =73
x=%=-u5 v = 7






C1.2 Distance between two points:

Derivation of a formula for the distance between any two coordinates:

The coordinates of C will be (x, ; ¥,) because A and C have the
same x-coordinates and B and C have the same y-coordinates. SRR
The length of BC is the difference between the two x-coordinates of ] A
B and C and the length of AC is the difference between the BEEN "_*/ 1]
y-coordinates of A and C. ZeR) ]
~ BC =1x, -x, and AC = y, - », [Remember: BC = CB!] = 2
. AB? = BC? + AC? [Pythagoras]
AB? = (x; - x))* + (¥, - )

\/ABZ = \/(xz - x1)2 + (- J’l)z
d(AB) = \/(xz - xl)z + (0, — »)

[
|
|
F

E.g.4 Calculate the distance between S(7; -5) and T(4 ; -2). If necessary, write your answer
as a simple surd.

Aok ok ok ok ok ke
X1 ¥ X2 Va2

S(7:-5) and T(4;-2) fdST) = s - )P+ 5 -9 )
dST) = [(H)-()F + [(-2) - (-]
dST) = (4 =77 + (-2 + 5)°
dsT) = (-3 + @
diST) = J9+ 9
d(ST) = V18
d(ST) = J9x2
4(ST) = 342

Exercise 2: Date:

(1) Calculate the distance between P and Q in each of the following. If necessary, round off,
cotrect to two decimals:

() P(2;5) and Q(7;4) (b) P(2;5-1) and Q(0;3) () P(-3;1) and Q(-3;13)

e ): A2 ) oS Q) - xal's (o ge)” M) o3V (o)™

= fa-1)% (s-u)* = l-2-0)% (=1-5)* = ls-3) % (-13)° \
”l/(—s)zf (:)2‘ =1/(-.2)2'r (—6)_2‘ :'1/(0)’*,L (-—:2)2\
T as F/ =/ 4+ 3¢ “Vo ring

V2 =/ 40" T Viney

J076) = ’O‘ PG ) 6,32 dPR) =12,

v
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(d P(2,3;3,1) and Q(5,3;1,1) (€) P(2m;m) and Q(7m ;- 4m)

A (PO)= o/ (p %)t (o= ) SOPO) = 06)" + (o= g0 )
Va3~ s3)% (51 -11)% "V lam=1m)" 4 -y )
(=3 p (o) V(5 )+ (onpsrn )%
:’1/;:4—\ *Vas R 4 Csm]®
/13 Va5 + a5

d0Pe) ~ 3,60 = V/somz

C/(/)@) = 7.87 rmMm

(2) Calculate d(AB) in each of the following. Where necessary, leave your answer as a simple surd.

(@) A(l; «/§) and B(-7;0) (b) A(-10;9) and B(-2;15) (c¢) A@4;1) and B(-4;9)

dAB) = xa-0)"r (E,&-%,)‘? d(A8) =szga‘3:glzt (?ﬂ’éﬂ&’l ‘ HOB) =St 52} 3 (e —fﬂ?)"—‘

*VO-taf e (g-of “Vlio-2)¥ (9-15)F Vo)) ¥+ (G =5)%
V() I *Vwra)  + (-6)* = Ygra): r (—g)*
=)L 5 S VER) + 3g =A[8)2 + G4
ey 1+ v =Ves +36° “ Vs + oy
= V12 = W/3axa > Vico = Vi =afeuxa
HRB)= gAf2 dB) = 1a AT &4/
- YLl to -

(3) Calculate the value(s) of p if d(LM) = 5 with L(-2;p) and M(-5; 3).

M) = Mo, = ocn)® + (oo = o)
5 = A(oa(-5))% + (p-3)%
VI (o =32 )

25 = (3)2+ (,0-3)2

25 = C} +— fgl—élp — 9
o = ,/Ol - 60 - 7
o= (/9—'7)(,07‘—f)

2= 7 - D ==/
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13
4) A2;-2) , B(3;4) and C(-3; 5) is the vertices of triangle ABC.
(a) Calculate the perimeter of triangle ABC, correct to 1 decimal. 8 -

2 d(AB) *A/(3-2)% 1 (oA = JIO* + ()™ = 1 r30
- /37 = b, O -~

B F (332 (s-u)? = A () s ()= ASzes

= /37 = 6 08 ..
* c!(ﬂC):’l/rfs—az)Lf (5‘-(—-’.))1\= m/(—s)z +(71)? = Vias 4 49

- i\
"1/74 = ¥ 60- - -

Ferimeder =37 + /37 ' +{75 " = 20, ¥

>

(b) Prove that B = 90°.

BR* 4+ Bc* pc? (V75 )Y = 4
0GT) L War) S _ACC = REE g’
S 37T+ 37 /Ou?[’j\ocor—oj CO@//COJ)/@
Vi T 7
Z 74 2 K= 50°

(5) P(-2;0),Q(-1;-3),R(2;0)and S(I ; 3) is the vertices of a parallelogram. Draw a diagram!
(a) Determine whether PQRS is a thombus or not.

d (PG ) d (QR)

2 M- 2= (o-(3)) (=23 ¢ (o)
A 4 () = A/ (-3)% & (~3)*
=a/1 +9° Vg 29"

=Vio =n/i5"

] 1 L) /
LORS iinf o /'/?Of"?étdl becaci se OCLJ//’G cent Sicles ne? e/?cc/.
(b) Calculate the gradient of PS:

2 - X Ur 'x"‘:ja
fqps = Sta~x, P(—.?,'o) 5(/?)
_ 3-0o ’
T i={-2)
. 3 3
[(les = 43 = 3 =
—

(c) Without any further calculations, determine the gradient of QR. Motivate your answer.

Mgs = ) [o)=)=0 Sl-C‘(‘?_S 07[ pololyay! // o qraC/@m7l_5
4 I [ / // /' (-/

are. +he Scme .
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(6) Determine whether A VWX is an isosceles or an equilateral triangle with V(2 ; 6), W(3 ; -1) and
X(-3 ; 1). Show all calculations:

dlyw)= 7 (a-3)y (6=C-1))* d(eIX) =/ (3 -(-30N* +(~7-1)%
V-0 ) A (6)2 4 (-2)2
"V eug = Af50] ~ V3644 = Afuo

1

d(VX)= Aa = (-3))*, (¢-1)7%
UsI2 £ ()2
= Vasirzs =450

S VW S VX E X co AVWX s an jsosceles A

1

/

(7) 8(-2;3), T(1;2) and R(-3 ; 0) are three points around the point A(-1;1). Showthat S, T and R

are points on the circumference of the circle with A as midpoint. . 5
ACAS) = af(-3 (=) + (3-1)%" T
V(=) () S(AT) = VG- -0+ (2~ | F_
*Virn'2 /5 = (2)* £ ()7
= Aurr = /s
cllAR) = A/ (-3-(-)* o (o-1)* " AS ZAT = BR
TAVER)R 4 )Y o all are rach
A urs = Af5 S T enel R cre peints

7 7
Sy C,’,-c_ O’C C‘Jr-C/G’ ,C? .

(8) Calculate the value(s) of y for which PQ = QR if P(-2; 5),Q(1;6) and R(0;y).

/’7@ a:@kz ,.7[ P@:@/e
/2o 4 e ) o1 e —r )
('3)4 + ("!)J\ (})2' 1 (é__j)"

9 4 / T+ (6~ )
J

il

g = (é—&/)z
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© Calculate the size of DAC » correct to one decimal, with A(2;5),B(-6 ;-1) and C(7; 2}

Y

Ys - ‘;—iﬂ

X[ - Xg

o Bl
e — 2

-6 é

:_g:?

- - X é
fen © T T 3 o o e A

9=/80 - 54 S° o X T 36,9°

o = 54 5 ¢ [L c S?Lr'oi‘/qu#‘ foe ]

DAC = o +

367 4 S545°

Dﬁ( - 7/;4‘bL

L

C1.3 Mid-point of a line segment:

E.g.5 Calculate the mid-point of line segment -7 T4 B
PO with P-4, 5) and Q(2 ; -1).

ok ok ok ke

The mid-point of PQ, M, will be precisely halfway
between P and Q. The x-coordinate of M will be
precisely in the middle of the x-coordinates of P

A My do I

Q

N3

F

A
U
'
o
Iy
+x
3
o
L]
™
L]
=
-—

»

€
P
o
o
\E

1Y

and () and the y-coordinates of M will be precisely S50 ol o
in the middle of the y-coordinates of P and Q. /
. =2+ 4 _ _
M, =gy G
and M, =D+ _ 2 -
o M=(1:1

1
{
|

b ey
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Deduction of a formula for the mid-point of any line section between two coordinates:
Y

The mid-point M of line AB lies exactly halfway between A and B.

. M’s x-coordinate lies exactly haifway between the

x-coordinates of A and B and M’s y-coordinate lies exactly i
halfway between A and B’s y-coordinates.

X, + x » o+ i
Xy = —4—2 and = Z1__ 72 I
M 2 yM 2 Ilyl‘f
h i +
M = N X o ontwn 0 %,
2 ’ 2 oo < g o

E.g.6 Calculate the mid-point between R(-3 ; 2) and T(-4, 8).

ook s Rk ok

Xy ¥y X2 Y2
R(-3:2) and T(-4;8).

M = (x,+x2 _y,+y2] =(—3+(—4)_2+8J =(‘3‘4.i‘1)

2 2 2 2 2 ' 2

-7
M = (7 5 5] or (-34;5)

Exercise 3: Date:

(1) Calculate the mid-point of each of the following line segments:

@ A(2; 4) and B(-6;4) (b) C(-2;0) and D(0;2)

(e (F52= . &) = (5 - i)
- (et - (sage . er2)
= (-2 %) - (%, 2)
N (—4‘.4)7 = (—![/)ﬁ_

(€ I(-2;-7) and J2; 1) (d) K(5;1) and L(11;1)

M= (5 ) A Grsanilara)

(£, ) S (Z 2)

2
7 7
- o/' -3 ) - (8“/)
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