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Chapter D1

Analytical Geometry

D1.1 Revision grade 10 and 11:

*
*
*
*

*

Applications of gradient:

Gradient of the straight line through points P and Q: mpq = Yo— Ip

XqQ — Xp

Parallel lines have the same gradient —» (m; = m,).
The product of the gradients of perpendicular linesis -1 - (m; X m, = —1).
The angle of inclination of a straight line is calculated by tan 6 = m.

Lines with positive gradients all lie in one direction and are increasing (angle of inclination is an acute

angle) and lines with a negative gradient lie in another direction and are decreasing (angle of inclination
IS an obtuse angle)!

Collinear points lie on the same straight line and thus have the same gradient.

Midpoint of line PQ: M(xy; ym) = (

xptxq . YptYo

2

)

)

Distance between two points: d(PQ) = J (xq — xp)2 + (yq — yp)2

Equation of a straightline:y=mx+c¢ or y — y; = m(x — xq)

Exercise 1:

(1)
(@)

Given:R(1; 1),S(—=1; 0), T(2; =2) and V(4; —1)

Prove that RSTV is a parallelogram by using

the gradient formula.

Mg 2YsTyR_0-1 -1 _1
X§s — XR -1-1 - 2
yv—yr _~1-(=2) -1+2
mry = = =
Xy — XT 4 -2 2
mRv:}’v—yR -1-1_-z2_ 2
Xy — XR 4-1 3 3
My SYLT¥S 20 2 2
XT — Xg 2-(-1) 2+1 3

~ RS//TV — Gradients are equal
~ RV /I ST - Gradients are equal

A

Date:

S(-1;0)

R(1; 1)

>X

T@2;-2)

~ RSTV is a parallelogram, because both pairs of opposite sides are parallel.

V(4;-1)







(b) Calculate the coordinates of the point of intersection of the diagonals of the parallelogram.

The coordinates of the intersection of the diagonals — midpoint of VS or TR

Xy tXxs Yv+Js
Mys = (M55 25
VS 2 ) 2
M _(4+(—1)_—1+0)
: VS — 2 ) 2

3 1
< Mys=(5i-3)

(c) Determine the ratio between the side lengths of the parallelogram.

d(VT) = /(xy — xp)% + (yy — y1)? d(VR) =/ (xy — xp)% + (yy — Yr)?
. d(VT) = /(4 —2)2 + (-1 — (=2))2 ~ d(VR)= /(4 —-1)2+ (-1 - 1)2
- d(VT) =y (2)% + (1)? ~ d(VR) =(3)% + (=2)?
. d(VT)=vV4+1=+5 ~ d(VR)=vV9+4 =13
VT =RS — Opposite sides of parm « VR =TS
VI V5 5 VR 13

VR vz 13 " viTs
(d) Calculate the size SRV, correct to one decimal.
tanRKX = mgy = —% —  See (a) and K on sketch
RKX = 180° — 33,69 ...°
RKX = 146,309 ...°

~ 1
tan KSR = mypg = 5 - See(d)
KSR = 26,565 ...°
. SRV = RKX — KSR —  Exterior 2 of A

. SRV = 146,309 ..°— 26,565 ...°
~ SRV ~ 119, 74°

@) A(-1; 3),B(3; 5 and C(7; 7)
(@ Are A, Band C collinear? Show all workings.
_yYs—ya_ 5-3 2 1
Mag _xB—xA _3—(—1)_1_5
ys—Yc 5-7 -2 1
Mcp :xB—xc:3—7:—_4:E

~ A, B and C are collinear because m,g = mcg






@)

(b) Showthat AB=BC. — A(—1;3),B(3;5)andC(7; 7)

(©)

(@)

(b)

(©)

(d)

d(AB) = /(xg — xa)% + (¥ — ¥a)? d(CB) = /(xg — xc)% + (¥8 — ¥¢)?
~ d(AB) = (3 - (-1))2 + (5 - 3)2 ~ d(CB)=+/(3B—=7)2+(5—7)2
= d(AB) = V(4)% + (2)2 «» d(CB) = /(-4)% + (-2)?
~ d(AB)=v16 +4 =20 ~ d(CB)=+v16 + 4 =20
~ AB=BC

Is B the midpoint of line AC? Motivate your answer.

Yes, because A, B and C lie on a straight line (are collinear) and AB = BC.

Y
A(—4; =2),B(—1; =5)and C(x; 2) A
Calculate the gradient of AB.
_yB-ya_—5-(-2) -5+2 -3 C
MAB = L x, —1-(-4) -1+4 3 < // |
* Mpp = —1 Ai/
Write down the gradient of BC. B
mgc =1 - ABLBC v
Calculate the value of x.
=222 o 7=-1
Mpe =— = - = x
x=-14+7 - = xX=6

If BC = V98, calculate the perimeter and area of A ABC. Leave your answer in
simplest surd form.

d(AB) = \/(xg —x)? + (¥ —ya)? - A(—4; —2)andB(-1; -5)
- d(AB) = /(-1 — (-9))% + (=5 — (-2))?
- d(AB)=/(3)2+(-3)2=V9+9=8
. AC?2=AB?+BC? -  Pythagoras
. ACZ = (vVi8) +(v98) = 18+98 =116

AC =116

Perimeter = V18 + V98 + V116 = 3v2 + 72 + 2v/29

Perimeter = 10v2 + 2v29

Areazix Base x 1 Height = %x\/1_8><\/9_=%x3\/§>< 72

Area=%x21><2

Area = 21






9 F(6 ; 6)

(4) D(1; 1), E(7; 3),F(6; 6) and G(0;; 4)
(@) Show that DEFG is a rectangle. G(0;4)
yE—=yp 3-1 2 1 E(7;3)
mDE: = e
XE — Xp 7-1 6 3
m :}’F—}’E_6—3:i__3
EF = xp—xg 6-7 -1 D(L:1)
_Y¢—Yyr_4-6 -2 1
M6 = —F 0-6 -6 3
m ZYD_YG_1_4’___3__3
D = yp—x¢ 1-0 1
~ DE//FG and EF//GD - Gradients are equal

But mpg X mge =5x3=-1 > DELEF
~ DEFG is a rectangle, because both pairs of opposite sides are parallel and the adjacent

sides are perpendicular to one another — all angles are equal to 90°

(b) Determine the equation of EG.
Yo~ YE _ 4-3

1
= through the point G(0 ;4) — y-intercept because x = 0

m = =
EG ™ Xo—xg  0-7
y=mx-+c
1
y=—;x+4

(c) Determine the equation of EF.
mgr = -3 — See(a)

& y—ys =m(x —xq) through the points E(7;3) and F(6;6)

y—3=-3(x-17) or y—6=-3(x—6)
y=-3x+21+3 y=-3x+18+6
y=-3x+24 y=-3x+24

(d) Calculate the area of rectangle DEFG.
d(DE) = /(xg — xp)? + (V& — ¥p)? or  d(FG) = /(x¢ — xp)? + (¥ — yr)?

~ d(DE) = /(7 - 1)2 + (3 — 1)2 d(FG) = /(0 — 6)2 + (4 — 6)2
+ d(DE) = /() + (2)? d(FG) = J/(=6)? + (-2)?
. d(DE) =36 + 4 =40 d(FG) =36 + 4 =40
d(DG) = /(xg — xp)2 + (¥ — ¥p)? or  d(EF) =/ (xg — xp)% + (¥g — ¥5)?
» d(DG) = /(0 — 1)2 + (4 — 1)2 d(EF) = /(7 — 6)2 + (3 — 6)2
- d(DG) = /(-1)% + (3)% d(EF) = V(1)% + (=3)2
» d(DG) =V1+9 =10 d(EF) =v1+9 =10

- Area rectangle DEFG = L x B = /40 x V10 = /400

-~ Area rectangle DEFG = 20 square units
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11 A
(5) A(2; 4),B(—4; —2) and C(4; —4) are the A
vertices of A ABC.
(@) Calculate the coordinates of P and Q if P and Q /P<
are the the midpoints of respectively < 9 > X
AB and AC. Q
P:MAB:(xA+xB;YA+YB) ®
2 2
P oMy = (5522 o (22) c
: - AB — 2 ' 2 - 2’2 v
- P=(-1;1)
Q=M, = (xA;'xC;YA;'YC)
Mac = (24 220)  (5,9)
Q=Myc=—"7 >0

(b) Prove that PQ // BC.

Xc—xg  4-(-4) 4+4 8
~ PQ//BC — Gradients are equal

(c) Provethat PQ = % BC.

d(PQ) = \/(xQ - xP)Z + ()’Q - J’P)Z and d(BC)= \/(xc —xp)2 + (yc — yp)?

~ d(PQ) = (3B - (-1))2 + (0 — 1)2 d(BC) = (4 — (—4))% + (-4 — (-2))?
- d(PQ) =y (42 + (-1)? d(BC) = {(8)% + (—2)?
. d(PQ) =16 +1 =17 d(BC) = V64 + 4 = /68

But V68 = V4 x V17 = 24/17
BC=2PQ - PQ=2BC

(d) Calculate the size of 8 correct to the nearest degree.
tan AQX = m,¢
_ -4-4 -8
tanAQX =——=— = —4
4-2 2
AQX = 180° — 76° ~ 104°

But 6 = 180°— AQX
6 =180° —104°

0=76°
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(6) P(0; 2),Q(2; 5),R(—1; 3) and S are the
vertices of parallelogram PQRS.
(a) Calculate the gradient of line QR.
YR=Yq _3-5 -2

Mor = =
QR “ xp—xq -1-2 -3

2

oo mQR =§

(b) Determine the equation of line PS.

R(-1;3) Q(2:5)

P(0;2)

y=mx+c - ThroughpointP(0;2) — y-intercept because x =0

.y = %x +2 > mps =mgg Lines parallel (Opposite sides of parm)

(c) Show that PQRS is a rhombus.
d(QR) = \/(xR — xQ)2 + (yr - yQ)Z and
. d(QR) = /(-1 -2)%2 + (3 — 5)2
- d(QR) =/ (=3)% + (-2)?
. d(QR) =9+ 4
~ d(QR) =13
~ QR =PQ

d(PQ) = \/(xQ - xP)Z + ()’Q - }’P)Z
d(PQ) =(2—0)2 + (5 — 2)2
d(PQ) = /(2)? + 3)2

d(PQ) = V4 +9
d(PQ) = V13

. PQRS is a rhombus because the adjacent sides of parallelogram PQRS are equal

(d) Calculate the coordinates of the point where the diagonals of PQRS intersect one another.

Diagonals intersect at midpoint of PR.

Xp+XR Ypt+ YR
"'MPR:( 2 ' 2 )

@) TWK is an isosceles triangle with TW = WK.
T(7; 8),W(1; 6)and K(—1; y).
(@) Calculate the length of TW.

d(TW) = /(xw — x7)% + (Yw — y1)?
- d(TW) = (1 -7)2 + (6 — 8)*

+ d(TW) = /(=6)% + (=2)?
» d(TW)=+/36+4
. d(TW) = /40
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(b) Calculate the value(s) of y.
d(KW) =/ (xw — x)% + (yw — yx)?
d(KW) = /(1 = (-D)2 + (6 — )2
But KW=TW - Given
Va0 = /(1 + 1)2 + (6 — y)?
40 =4+36—12y + y*

0=y>—12y
yy—-12)=0
y=0 or y=12

(c) Determine the equation of the:
(i) median through Tfory > 0. — TM with M as the midpoint of WK

xw+txg ywty 1-1 6+12
MWK:(WZ 5T K):(z "2 ) - y>0 o y=12
M=(0;9)
_ym—yr_9-8 1 1 a . _
mpy = o —xr 07 7° 77 through M = (0;9) - y-intercept because x = 0
y=—%x+9

(i) altitude through W for y 0. - WH with WH L TK
_Yk~—Yyr_0-8 -8 _ P
mTK_xK—xT_—1—7_—8_1 - y<0 - y=0 - K(-1;0)

~ myy = -1 - my Xxm, =—1because WH 1L TK

~ ¥y —y1 =m(x—xq) through W(1;6)
y—6=—-1(x—1)

y=-1x+1+6 - - y=—x+7
D1.2 Circles:
D1.2.1 Circles with the origin as midpoint:
Y
The equation of the circle *
with midpoint (0; 0):
(X5 Y)
x2+ y2 = r2 S
vy
< > X

with (x; y) any pointonthe oo >
circumference of the circle and
r the radius of the circle.

<
<«
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D1.2.2 Other circles:

The equation of the circle
with midpoint (a ; b):

(x— a)>+ (y—b)*> =r?

with (x ; y) any point on the
circumference of the circle and

»
o

r the radius of the circle.

The radius can be calculated with the distance formula:

d(PT)=\/(xP — xp)? + (yp — ¥y1)?

Ex. 1 Determine the coordinates of the midpoint and the length of the
radius of the following circle:

x2 + 6x + y*2 — 4y = 12

Use completing of the square to write the equation in
standard form [(x — a)? + (y — b)? = 1?]:

x2 + 6x + y: — 4y = 12
2 + 6 5 4 y2 — 4 N Z 12 4 (8)
o+ ex ot (7) 4y -4y (F) =12+ () +
x>+ 6x+ 3)2%+9y*— 4y + (=22 =12+ 9 + 4

(x+ 32+ (y—- 2?%= 25
~ MP= (-3;2) and r? = 25

Ex. 2 Determine the equation of the circle with midpoint (-2 ; 5)
through the point (1; —1).
a b
(x — a)? + (y — b)? = r? with MP = (=2 5)

s = (=2 + (- 5)?% = r?

~(1 4+ 2?2+ (-1 -5)2=r? through (;; —yl)
~(3)% + (-6)* = r?

~1r? = 9 + 36 = 45

“(x+ 22+ (y—5)?2 = 45




Exercise 2: Date:

1)
(@)

(b)

(©)

(d)

()
(@)

(b)

(©)

(d)

(€)

17

Determine the equations of the following circles:
with midpoint (5; 2) and radius 6.

x— a)?+ (- b? =12
P- 5P+ (- 2P = 6
“(x—- 5%+ (y - 2= 36

with midpoint (=1 ; 3) and radius v12.
(x — a? + (y — b)? = r?

“(x=-(CDP+ (v - 3)?% = (V12)
x+1*+ (y — 3)2 = 12

2

with midpoint (4 ; —2) and through the point (=2 ; 0).
x— a?+ (y — b)? = r? - (-2 —4)?* + (0+2)* =12
(x — 42+ (y— (-2)? =1r? s r?=(-6)24+(2)>=36+4=40
(x — 42 + (y+2)* = 40

with midpoint (=2 ; —3) and through the point (2; —1).
(x — &) + (y — b)? = r? - (2+2)% + (-1+3)% = r?
ax— (224 (- (-3)2 = r? Y r?2=4)2+2)2=16+4=20

Il
N
o

(x+2)?% + (y+3)?

Determine the coordinates of the midpoints and the length of the radius of the following circles:
(x —4)?2+ (y—2)>= 36 - MP(4;2) with 1r2°=36 - r=6

x2+y2—-10y =6
x> +y2—-10y +25 =6+ 25
x2+(y-5)2=31 - MP(0;5) with r2=31 - r=+31

(x+3)2%+ (y + 6)2= 20 - MP(=3;-6) with 1r2=20 - 7r=+/20
(x+ 52+ (y + 5)? = 280 > MP(=5;-5) with 7r2=280 - r=+280

(x—1%?+ (y +2)2%=09 - MP@1;-2) with 7r2=9 - r=3
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M x*+ (y — 4)? = 100 - MP(0;4) with r2=100 - r=10

(9 x? —8x +y? — 6y =12
x?-8x+16+y*—6y+9=12+6+9
(x—4)2+(y—-3)2=27 > MP4;3) with r2=36 - r=6

2
M (x+3)+@+22=48 - MP(-3;-2) with 12=48 - r=48

(i) (x—-6)2+y2=1 - MP(6;0) with r*=1 - r=1

) 2x2+2y? —4x—y =2
x2+y2—2x—%y=1 - =+ through 2
X2-2x+1+y2—Jy +;=1+1+;
2
2 1 . 19 _1 . 2 9 _ 3
@-12+(y-3) =27=2 > MP(1;3) with r2=2 - r=2

(3) Determine whether the point (3 ; —2) lies on the circle with midpoint (—1; 5).
The radius of the circle is 8.

x-a?+(@y-bi=r
(x = (-1)* + (y — 5)* = 8
(x = (-1))* + (y — 5)*= 8°
(x+1?% + (y —5)? = 64
LHS=B+1)?% + (-2 — 5)2=(4)?+(-7)>=16+49 = 65
No, the point (3 ; —2) does not lie on the circle but outside the circle because 65 > r? = 64

2

(4) The equation of the circle through the point (=3; —1) isx® + 10x + y* — 2y +p = 0.
(@) Determine the coordinates of the midpoint of the circle.

x> +10x+25+y*-2y+1=—-p+25+1
(x+5%*+(@y-1%*=-p+26 > MP(-5;1)
(b) Calculate the value of p.
(x+5)2+(y—-1)>2%=-p+26
o~ (-345)?%+(-1-1)2=—-p+26 — through point (—3;-1)
(2)2+(-2)2=-p+26
4+4=—-p+26
p=26—-4—4

p=18



20




()

(6)

21

Determine the equation of the circle with midpoint (—4; —3) and diameter 18.
Diameter 18 - Radius =9
L x-EP+ - (=3)2= 92
s (x+4)?2 + (y+3)2=81
Y
A
CD is the diameter of a circle with T >
. C(-2;4
as the midpoint of CD. Calculate: (
(@) the coordinates of the midpoint of the circle. \T
M _(xc+xD,)’c+J’D) < >
Ch — 2 ] 2
-2+4 4-4
o Mcp = ( 5 ;T) > D(4;-4)
. T=(1;0)
v

(b) the equation of the circle.
(x — a)> + (y — b)?> = r? - With midpoint T(1; 0)
(x - 12+ (y - 0)2= 17
(-2 —1D)? + (4 - 0)2%=1r? - Through C(-2;4) or D(4;-4)
r’=(-3)2 + (4)?=9+16 =25
(x — 1) + y2= 25

(c) the length of PQ if P and Q are the y-intercepts of the circle.
(0 — 1) + y2 =25 — x =0 for y-intercepts
y?=25-1=24

y = +V24
PQ = 2v24

(d) The equation of diameter CD.

y—4=—§(x—(—2)) — Through C(—2;4) or D(4;-4)
y—4=-3(x+2)

y=—-3x-S+4 or fy—(-H=-3x-4)
y=—§x+§ y+4:—§x+?
y=—§x+%—4
4 4



