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Chapter C1

Trigonometry

C1.1 Introduction to Trigonometry:

same size!

Trigonometry is the study of the relationship between the angles and sides of triangles. In
grade 9 we already studied similarity. Similar triangles are triangles of which all three pairs
of corresponding angles are equal or if the corresponding pairs of sides are proportional
(in the same relation). Similar triangles therefore have the same shape, but not necessarily the

Terminology: In a right-angled triangle the sides and angles are named as follows:

Measure the length of each side and the size of each angle of all three triangles and substitute it

as follows: (Round off to 2 dec.) In mm.

Triangle 1:
MN 27
@ ==
OM 54
ON 47
(b) ——==
OM 54
MN 27
c — =
© NO 47

—= 0,50

—=~ 0,87

— =~ 0,57

Triangle 2:
AB 19
—= —= 0,49
AC 39
BC 33
—= —= 0,85
AC 39
AB 19
—= —=~ 0,58
BC 33

P
PR is the hypotenuse (h).
PQ is the opposite (0) side of R.
QR is the adjacent (a) side of R. 9 R
Exercise 1: Date:
(1) Triangle 1: Triangle 2: Triangle 3:
M A P
600 S 600 \5)9 600
¥ 19
27 6>
B — C 34
- 30N 33
0 58

Triangle 3:

P 34

—Q= —=~ 0,51
PR 67

R 58
Q— = —= 0,87
PR 67
P 34
—Q— —=~ 0,59

QR 58
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(2) (a) What do you notice from the angles in the 3 triangles in (1)? All corresp 2° are equal

(b) What is the relationship between A MNO, A ABC and A PQR? A MINO///A ABC///A PQR

(c) What do you notice in terms of the ratios of the corresponding sides as measured in
no.la-c?

The corresponding ratios in a, b and c are really close for the three triangles.

(3) Use the figure on the right and complete the following:

Y
(@ In AABC and A ADE and A AFG: 1 .
Reason:

- . . D
*A=A=A [Common £] B
*C=E=G [All 25 equal to 90°]

P A
- = o . - cC E |:3
*B=D=F [Interior 25 of A]
v
~ AABC /Il AADE /Il A AFG [222]
AB AD AF . .
(b) From (a) we can deduce that: — = — = — [Similar triangles]
AC AE AG
. AB AD AF BC DE FG
Just likethat: —=-—=— and -—=-—7=—
BC DE FG AC AE AG

From exercise 1 we saw that the ratios of the sides of similar triangles are
the same. This ratio of the sides therefore depends on the size of the triangle’s angles.

Each of the different pairs of corresponding sides is named as follow:

0 is called the inclination angle and each of the following ratios are therefore dependent

Y

on 0!

The sine relationship:

g _ AB
SiIn @ = oA [

opposite side ofe] _y_o
r h

hypotenuse

The cosine relationship:

cos @ = OB [adiacent side of 9]

0OA hypotenuse

The tangent relationship:

AB [opposite side of 9] _y_o a
x

tan @ = o

adjacent side of 0




E.g.1 Write the following in terms of the sides of the triangle:

=le

SIS

(@ sin6 =

(b) cos@

(c) tan®
Exercise 2:

PR
PQ
RQ
PQ
PR
RQ

Write the following in terms of the sides of the given triangle:

(1) A B
C
ing=2 = 5C
@ sme—h—AC
_a_AB
(b) cose—h—AC
_o - BC
(c) tane—a—AB
@ @
a h
0
] a
Q 0 ®
inp=2 = 2Q
(a) st—h—PR
~ a R
(b) cosR:—:Q—
h PR
m-0 _ PQ
(c) tanR-a-QR
inp=2 = R
(d) sin P—h—PR

P
h
0
S)
R d Q
Date:
AY
(2) T
h 0
1743
7T«
OK
0=92% - =
(@ cos43 % I
TK
(b) tan 43° =2 = —
a OK
i 0o =2 — E
(c) sin43 » I
Y
(4)
h
< o 6 » X
a W
ow
(@ cosf=%=—
oV
VW
(b) tanB=2=—
ow
. VW
(c) sing=2=—
oV






A B
> inCinAABC=2 = 22
() (@ s _o o 28
~ AD
(b) cosAinAABD=% = —
h ~ AB
: ° Bi _o _ AD
D (© tanBlnAABD-a i
¢ Bi -z B
B A (d) cosBmABDC-h_BC
C o ., _BD
\/ (€) sinCinABDC= - = C
D
’ ~ o BC
(f) tanAINAABC=-= —
¢ a AB
C1.2 Use of Pythagoras:
E.g.2 Calculate the following ratios:
(@) sinA A
(b) tan A 6 20
(c) cosC c
B
E X x = 2 5
First calculate the length of BC by using the theorem of Pythagoras.
AC*> = AB* + BC? A
10> = 6% + BC? * /7\\J
a==6 0
100 = 36 + BC?
100 — 36 = BC? B P
BC?> = 64
BC = 8 A
- ~ _ 2 _ E:
~ (a) sinA = - =--=0,8 /)\\\7
0=6 0
A=2-56_
~ (b) cosA_h_10_0,6 >
B a=8

~ @ tan€ =2=2%=0,75
a 8



E.g.3 Calculate the following ratios:

() cos 6

P(2;3
(b) tan @ ( )

O T

*hkkkhhkkk

First calculate the length of OP by using the theorem of Pythagoras.

OP?> = OT? + PT? %
op? = 2 + 3?
P(2;3)
OP? = 4 + 9
2
opP? = 13 < y=3
OP = +v13 0 X
O x=2 T
. - *__Z
~ (a) cos O = =5
. -y _3
~ (b) tan 6 = - =5
Exercise 3: Date:
Calculate:
A 3 B
1) (a) the length of BC.
4 (b) sin B (e) cos C
(c)tan B (f) sinC
(d) cos B
C
(a) BCZ = AB? + AC? (b) sinB=7 =2
BC? = 3% + 42 () tanﬁzzzg
BC?=9+16 (d) cosﬁ:%;%
2 = c=2_1%
BC* = 25 (e) cosC—h_5

_ inc=2=3
BC=5 () smC—h—5



@ E
13

=
EG? = EF? + FG?

13% = 52 + FG?

169 = 25 + FG?

FG? = 169 — 25 = 144

FG =12

@ N

(@) OT? = OP? + TP?
OT? = 2% + 42
0T?2=4+16

0T2 =20
OT =+v20

@

©

Y

(@ InAPQR:
PR? = PQ? + QR?
QR? = 10? — 8?2
QR? = 100 — 64
QR? = 36
QR=6

(@) cos E
(b)sin G
(c)tanE
(d) tan G

(@) cosE =

—
=)
N
®,
>
D)}
11

—~
()
~
[l
QD
>
1

Qle RIS I =18

(d) tan G =

(a) the length of OT.
(b) cos 6
(c)sin®
(d) tan 6

(b) cos@ == =
(©) sme—; =

(d) tane =2 =

X

N |

5l-
NN
sl g

If PQ=8 ,PT=6,4 and TR =3,6; calculate:

(a) the lengths of QR and QT.
(b) cosRin A QTR
(c)tanPin APQR
(d)ysinQin APQT
(e)sinQin AQTR

In A PQT:

PQ? = PT? + TQ?

TQ? = 8% — 6,42

TQ? = 64 — 40,96

TQ? = 23,04
TQ=4,8
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N
(5) | (8 y
PGy (b) sino
10 (c) cos6
(d) tan®
()
< X
v X= 6 S
2 _ pg2 2 ing=Y = 8_14
(a) OP2 =PS?+ 0S (b) sin@=> = =
2 _ 2 2 — * NGRS
10 =y“+6 (c)cose—r—w—5
2 _ _ — 7
y“ =100 - 36 (d)tan(—)—x—6—3
y? = 64
y=38
C1.3 Use of the calculator:
C1.3.1 Degrees, minutes and seconds:
If measurement is done, use is made of distances and angle sizes.
We already know that a revolution, in other words the full turn
of a circle, is 360 degrees (360°).
Each degree is the angle at the centre of a circle describing the size of
the arc which then represents a fraction of the circumference of the circle.
~ 1° is equal to % of the circumference of the circle.
One minute (1') is equal to % th of a degree.
One second (1") is equal to %th of a minute.
E.g.4 (a) Describe the following angle size: 13°24'36"
*khkkkkhkkk
13 degrees, 24 minutes and 36 seconds.
(b) Convert the following to degrees only: 13° 24’ 36"
*kkkkkk
13°24'36" = 13° + 24’ + %’ = 13° + 24" + 0,6’
24,6

= 13° + 24,6’ = 13° +
60

= 13° + 0,41° = 13,41°

(c) Convert the following to degrees and minutes: 64, 3°

*hkkhkikk

64,3° = 64°+0,3° = 64° + (0,3 X 60)" = 64° 18’
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Exercise 4: Date:
(1) Convert the following to degrees only:
(@ 72° 24’ (b) 88° 33’ (c) 324° 48’

° EO — o Eo . o ﬂo
=72 +60 —88+60 —324+60
=72°+ 0,4° =88°+ 0,55° =324°+ 0,8°
=72,4° = 88,55° = 324,8°

(d) 25° 12’ 36" (e) 112° 36’ 54" f) 7°6 18"

o l EI _ o ! 5_4/ _ o ’ EI
=25°+ 12 +60 —112+36+60 —7+6+60
=25°+ 12"+ 0,6’ =112°+ 36'+ 0,9’ =7°4+6"+0,3
=25°+ 12,6’ =112°+ 36,9’ =7°+ 6,3

o %O — [e] ﬁo — o] EO
—25+60 —112+60 —7+60
= 25,21° =112,615° =7,105°

(2) Convert the following to degrees and minutes:
(@) 38,5° (b) 101,7° (c) 16,45°
= 38°+0,5° = 101°+0,7° = 16°+0,45°
= 38°+ (0,5 x 60)’ = 101° + (0,7 x 60)’ = 16° + (0,45 x 60)’
= 38°30' = 101°42' = 16°27'
C1.3.2 The calculator:
C1.3.2.1 Trigonometric expressions:
REMEMBER: The calculator must be on “deg”!
Make use of a non-programmable, scientific calculator!
E.g.5 Calculate the following, correct to two decimals:
Expression: Display: 2 dec. places: Keys:
(@ sin12° = 0,2079 ... = 0,21 sin 12 =
(b) cos42°12" = 0,7408 ... = 0,74 cos42°'""12°""
(c) 2tan77° = 8,6629.. =~ 8,66 2 tan 77 =
(d) cos®44° = 0,5174.. =~ 0,52 cos 44) x*or (cos 44)x* =
(e) 4 — tan220° = 3,1609... = 3,16 4 — tan 220 =
(f 2T = 03068.. =~ 0,31 sin67 =+ 3 =

3
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Exercise 5:

(1) Calculate the following, correct to two decimals:

(a)
(©)
(€)
(9)
(i)
(k)
(m)

sin 33° = 0,5446 ...~ 0,54

tan 11,5°=0,2034 .. = 0,20

sin 301°=-0,8571...~ —0,86
tan 88° 56’ = 53,7085 ... = 53,71
sin 23,4°=0,3971 ... 0,40

c0s 64,1°=0,4368 ... = 0,44

sin12°12'= 0,2113 ... = 0,21

(b)
(d)
(f)
(h)
()
(1
(n)

Date:

cos 56°=0,5591 ... = 0,56

sin 145°=0,5735...= 0,57

cos 201°24'=-0,9310 ...~ —0,93
co0s 345°=0,9659 ... = 0,97

tan 66°34'=2,3071 ...~ 2,31

tan 6,6°=0,1157 ... =
0,12

cos 0,5°=0,9999 .. 1,00

(2) Calculate the following, correct to 1 decimal: (Write down your keys!)

(a)

(©)

(€)

(9)

(i)

(k)

(m)

(0)

2sin34° =1,1183..= 1,1

[2 sin 34 =]

tan? 130°=1,4202 ... ~ 1,4

[(tan 130)x?] or [tan 130 = x? =]
sin(32° + 12°)=0,6945..= 0,7
[sin(32 + 12) =]
Vsin16° =0,525..~ 0,5
[V sin 16) =]
4 + sin 133°24'=5,5052 ...~ 5,5
[4 +sin133°'"24°"" =]

tan 100°
7 +

= 4,1643 ..~ 4,2
[7 + tan 100) ~ 2 =]
V10c0s300°=2,236 ..~ 2,2
[V 10cos 300) = S < D]
— 71 — sin304°= —6,270..~ —6,3

[(=)7.1 — sin 304 =]

(b)

(d)

(f)

(h)

()

(1

(n)

(P)

3,5 + cos200°=2,5603 ..~ 2,6

[3,5+ cos 200 =]

cos 71°

=0,1627 .. =
0,2

[cos 71 ==+ 2 =] or [%(71) =]

cos 176° — cos 76°=—1,23 ... =
—-1,2

[c0s176) — cos76 =]
tan 100° + 7,1=1,4287 ..~ 1,4
[tan 100) + 7.1 =
sin®72,12°= 0,8619 ..~ 0,9
[(sin72.12)x3 =] or [sin72.12 = x3 =
cos(4 x 31,3°)=-0,576 ... = —0,6
[cos(4 X 31.3 =]
sin 30° X cos30°=0,433..= 0,4
[ sin 30) X cos30 = S < D]
1,6 —2 Xcos?123°= 1,006...~ 1,0

[1.6 — 2(cos 123) x? =
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C1.3.2.2 Trigonometric equations:

17

We have seen previously that for example sin 30° =
~ if sinx = 0,5 then we can deductthat x = 30° if x € [0°; 90°]

0,5

E.g.6 Solve x if x € [0°; 90°] ; correct to 1 decimal:

(@ cosx = 0,34 (b) 2tanx = 4,64 (c) sin3x = 0,7
E e = = = >
(@ cosx = 0,34 (b) tanx = L}'zﬁ
x = 70,1° tanx = 2,32
[Keys: Shift cos™ 0.34 =] X ~66,7°
[Keys: Shift tan~1 2.32 =]
(c) sin3x = 0,7
3x = 44,427 ...
x ~ 14,8° [Keys: Shift sin™1 0.7 ==+ 3 =]
Exercise 6: Date:
Solve x if x € [0°; 90°]; correct to 1 decimal:
1) sinx = 0,34 (2 cosx = 0,551 (3) tanx = 6,9
x~19,9° x = 56,6° x ~ 81,8°
4) cosx = % (5) tanx = 444 (6) sinx = 0,881
x = 60,0° x =~ 88,7° x ~ 61,8°

@) cosx = 0,401

X ~ 66,4°
(20) 4sinx = 0,1
. 0,1
sinx = =
4
sinx = 0,025

x~1,4°

(8) sinx — 0,2 =0 9)
sinx= 0,2
x~11,5°
(11) tan3x = 6 (12)
~ 3x=80,53..°

x ~ 26,8°

tanx = 2X3
tanx = 6
x =~ 80,5°
cos(x +10°) = 0,9
~ x+10° = 25,84 ...°
x = 15,8°
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(13)

Cos x =

Cos x =

(16)

x—10° = 87,13..°

X =

(19)

(22)

2x —15° = 63,43..°

—2,3tanx =

cosx + 2 = 2,444

2,444 - 2
0,444

X =~ 63,6°

tan(x — 10°) = 20

87,13..°+10°
x=97,1°

-3,2

-3,2

tan x = =

tanx = 1,391.

x =~ 54,3°

tan(2x — 15°) = 2

2x = 63,43..° +15°

78,43..°

2x =
2

x ~ 39,2°

C1.3.2.3 Combinations:

E.g.7 Calculate 5sin 2A

If

3 +tanA =
tanA =
tanA =

A =

(14)

(17)

(20)

(23)

19

tan’x = 0,64

V0,64

tanx = 0,8

tanx =

x =~ 38,7°
cos 3x = 0,688

3x = 46,52..°

46,52.°
3

15,5°

X =

=
Q

= 30°

30°x2

x = 60°

CcoSs 2x

=0,2

cos2x = 0,2x2

cos2x = 0,4

2x = 66,42 ...°
x ~ 33,2°

(15)

(18)

(21)

(24)

sinx =

sin x

X =

COS X —

Cos x =

Cos x =

Q

X
2 .
-Sinx
3

sin x

sin x

0,1x2
=0,2
11,5°
3 =-2,445
—-2,445+3

0,555
56,3°

if 3 +tanA = 4,2 and A €[0°; 90°]. Round off A,
correct to 1 decimal and the function value correct to 3 decimals.

4,2

4,2 — 3
1,2

50, 2°

*khkhkhkikik

Q

5 sin 2A
5sin (2 X 50,2°)
5sin 100, 4°

4,918
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Exercise 7:

Date:

Round off all angles to 1 decimal and each function value to three decimals!

(1) Calculate sin?0 if 2cos® = 0,31 and 6 € [0°; 90°].

2cos® = 0,31

0,31

cosO = —
2

cos® = 0,155
0 =~ 81,1°

sin?0

= (sin 81,1°)2

0,97606 ...

Q

0,976

(2) If —2tanA = —2 and 0° < A < 90°, calculate cos(A + 12°).

—2tanA = -2
tan A = -
-2

tanA = 1
A = 45°

(3) If cos2x = 0,4 and x € [0°; 90°], calculate

cos2x = 0,4

2x = 66,421 ..°

66,421..°

X =

Q

X 33,2°
(4) Calculate % if 0°<6 <90°
tan(0 — 25°) =2,1

(6 — 25°) = 64,536 ...°

0 = 64,536 ...° + 25°
0 =~ 89,5°

Q

and

cos(A + 12°)
cos(45° + 12°)
cos(57°)
0,545

cos’x + 3tan x.
cos’x + 3tanx

(cos 33,2°)% 4+ 3tan33,2°
2,6633 ...

2,663

tan(B — 25°) = 2,1.
sin® + cos 6
-3,1
__ sin89,5° + cos 89,5°0
o -31
= —0,3253 ...
~ —0,325
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C1.4 Solving right angled triangles:

E.g.8 Calculate the unknown angles and sides in each of the following triangles:
Round off correct to one decimal!

P A
(@ (b) h
12)0 h 68
41)0
a 36"
| S a *
R B C
* P=90° — 36° = 54°
*  tanP =2 * sin€ =2
a h
tan 54° = X3 sin€ =2
12 68
12 tan 54° = RS sinC = 0,602 .....
16,5 = RS ~ €=37,080.. ~371°
* PS? = PR? + RS? *  AC? = AB? + BC(C?
PS? = 122 + 16,52 682 = 41% + BC(C?
PS? = 144 + 272,25 4624 = 1681 + BC?
PS? = 416,25 4624 — 1681 = BC?
PS = 20,4 2943 = B(C?
54,2 = BC
* A=90° — 37,1° = 52,9°
Exercise 8: Date:

Solve the following triangles, correct to one decimal:

@
A 16 B * C=180°—90°— 35°= 55° [Int 25 of A]

= AC
* tanB=-=—

~ tan 35° = Ac
16

~ 16 X tan 35° = AC

.~ AC=11,2
* BC? = AC? + AB?
BC? = (11,2)% + (16)2
BC? = 381,44
BC = 19,5
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(2) -
P Q * P =180°-90°—57°= 55°

* sinR=2=122
h PR

. 1 o ﬂ
111 ~ sin57° = i1

57 ~ 111 xsin 57° = PQ
~ PQ=93,1

* QR? = PR? — PQ?
QR? = (111)2% — (93,1)?
QR? =3 653,39
QR = 60,4

3 * tanK=-"= —

14,1
*M = 90° — 58,9° = 31,1°
* MK? = MN? + NK?

8,5 MK? = (14,1)% + (8, 5)2

MK? = 271,06
MK = 16,5

(4) *  cosS =
25

P 6 S *A =90° — 50,2° = 39, 8°
* AP? = AS? — PS?
AP? = (25)% — (16)*
AP? = 369
AP = 19,2

[Int 25 of A]



