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Chapter Al
Sequences and series

Al.1 Arithmetic sequences and series:
Al.1.1 Arithmetic sequences:

An arithmetic sequence (AS) has a constant difference.
Generalterm: T, = a + (n — 1)d
With: a — the first term

d — constantdifference:d =T, — T, =T; — T, =Tg — T,
n — position of the term [n € Ny]

Ex. 1 Consider the sequence: 5; 2; —1; —4;

(a) Calculate the general term of the sequence.
(b) Calculate T4

(c) Calculatenif T,, = — 58
(d) Solve for x if 5T, — 3T, .1 =1

(@ a=>5
d=T, - Ty,=2-5=-3 or d=T3—-T, =-1-2 = -3
T, =a+ (n - 1)d
T, =5+ (n - 1)(—3)
T, =5- 3n+ 3
T, =8 — 3n

b)) T, = 8 — 3n
" T34_ - —94'

(c) T, = 8- 3n

+~ —58 = 8 — 3n
3n = 8 + 58
3n = 66
66
n= —
3
n = 22

(d 5T, — 3T,,1 =1
~ 58 - 3x)— 3[8— 3(x+ 1]=1
40 — 15x — 3[8 — 3x — 3] =
40 — 15x — 24 + 9x + 9 =
—6x =1 — 25 = -24
xX =4

[N






Exercise 1: Date:
1) Write the next three terms in each of the following sequences:
[Also indicate which of the sequences are arithmetic sequences. AS]
X2 X2 X2
@) 3;6;12; 24; 48 ; 96 ; 192
-7 -7 —
by 3; —4; —11; —18; —-25; —32; -39 AS
+2 +2 +2
(© 113; 115; 117 ; 119 ; 121 ; 123 ; 125 AS
+0,2  +0,2 40,2
(d 017 ; 0,37 ; 057 ;0,77 ; 0,97 ; 1,17 ; 1,37 AS
1,2 5.6 .7 : : .
) 2 ; 3 ; " ; < : c ; - ; 3 [Numerator and denominator increase with 1.]
+6 +10 +14 +18 +22 +26 _ _
()] 2; 8; 18; 32 ; 50 ; 72 ; 98 [Increases with 4 more each time.]
2) Write the first four terms in each of the following sequences:
[Also indicate which of the sequences are arithmetic sequences. AS]
@ T, = -3n-> -3;—-6; -9 ; —-12 AS
(b) T, = 2" > 2; 4; 8; 16
¢ T,=n+ 10 - 11; 12 ; 13 ; 14 AS
d T,=4n+1->5;9; 13; 17 AS
(e) T, =n>>1;4;9; 16
n 1 1 .
(f) Tn—z—)z,l,li,z AS
(3) Consider the sequence: 3; 7; 11; 15; .......
@ Calculate the general term of the sequence.

a=3 T, =a+ (n — 1)d
d=7-3=4 =3+ n-1H4

. T, = 4n — 1






(4)

(5)

Calculate T,5

T, = 4n — 1
Ty = 4(25) — 1

o Tys = 99

Calculate n if T,, = 87

T, = 4n — 1

87 =4n — 1
87+1 = 4n

4n = 88

n = 22

How many terms are there in the following sequence: 65; 59; 53; 47; ...

a=65 T, =a+ - 1)d
d=59-65=-6 —85 = 65 + (n — 1)(—6)
T, =—85 » —85=65—-6n+ 6
n="2 &~ 6n =171+ 85
6n = 156
L~ n =26

Place 6 terms between 8 and 29 for it to form an arithmetic sequence.

8 ; ; ; ; ; ; ;29
a=28 T, =a+ (n - 1)d
d=? 29=8+ (8 — 1)d
Tg = 29 29=8 + 7d
n =238 21 = 7d

e eees) —857
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T, T, Ts
(6) The first three termsofan ASare: x — 1 ; 2x +1 ; 3 — x
(@) Calculate the value of x.
FOI’ASZ TZ - Tl - T3 - TZ

cRx+ 1) - (x— 1)

B-x-2x+ 1
2x+1-x+1=3—-x—-2x - 1
x+ 2=2- 3x
x+ 3x=2— 2
4x =0

x =0

(b)  Write down the first five terms of the sequence.

T,=x—-1=0-1=-1

T, =2x+ 1=20+1=0+1=1

T3 =3—-x=3- (0) =3 -
. T, = 5

and Ts = 7 ~ Sequence: —1; 1; 3;5; 7

(c)  Write down the n'" term.

a=-1 T, =a+ (n - 1)d
d= 2 = -1+ (@ - 1)Q2)
T, =7 = —-1+2n-2

~ T, = 2n — 3

(d) Determine the 80™ term of the sequence.

T, = 2n — 3
o T80 = 2(80) - 3

. T80 = 157
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(7 If T, = 5 — 2n, calculate:
(a) the first term of the sequence.

T, =5 —-2n
Ty = 5 — 2(1)
oT1=3

(b) the constant difference of the sequence.
T, =5 - 22)=5-4 =1
cd= T, -T; =1 — 3
~d = -2

(©) Toy + 3Ts
=[5 — 2(24)] + 3[5 — 2(56)]
= [-43] + 3[-107]
= —364

(8) The general termofan ASis T,, = 4n + 3.
Calculate: T,, — 2T, _ 4

Tox — 2T, 4
= [4(2x) + 3] — 2[4(x — 1) + 3]
= [8x+ 3] — 2[4x — 4 + 3]
= [8x+ 3] — 2[4x — 1]
=8x+3 —8x + 2
=5

9) The third term in an AS is equal to 18 and T, = —17.
Determine the first three terms of the sequence.

T; = a+ @3- 1)d =a + 2d = 18 and
T10:a+(10—1)d:a+9d:—17

a+ 9d = —-17

—{a_F 2d = 18) a+ 2(-5)=18 - a+ -10
7d = _35/ Loa
d=-5

~ Sequence: 28 ; 23 ; 18 ; 13 ; .....

= 18
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(10)  The sum of the third term and the fourth term of an AS is 26 and the
difference between the eleventh and the tenth terms of the same sequence is 4.
Determine the first term and the value of term eighty-four.

T; + Ty, = 26 and Tyy— Tio =4 - d
@+ 2d) + (a + 3d) = 26
2a + 5d = 26
2a + 5(4) = 26
22 =26 — 20 = 6

a=3-T

Tgs = a + 83d
Tgs = 3 + 83(4)
T84- = 335

Al.1.2 Arithmetic series:
Al.1.2.1 Formula:

Formula for the sum (S,,) of an AS:

S, = a + [a + d] e +[a+ n-2)d] +[a+ (n-1)d]
+S, =[a+ (n-1d] +[a+ (n-2)d]+ ... i [a+d + a
~2S, =[2a+(n-1)d] +[2a +(n—-1)d] +............ +[2a +(n—-1)d] + [2a + (n—1)d]
~2S, =n[2a +(n-1)d]

Sp = 2 [2a + (n—1)d]

or if £ = last term

S, = a + [a+dl + +L—d + g
+S, = 4+ [L-d + +a+d + a
2S, =[a+ g +[a+tg] +.......... +a+ ] +[a+{]
2S, =nla+{]

S» = >[a+ 4




Ex.2 Calculate: 5 +2 — 1 —4 — ...

T, =a+ (n — 1)d

T, =5+ (n — 1)(-3)
#—94=5-3n+ 3
3n = 8 + 94

3n = 102
n = 34
T34 = —94 = { [last term]

Al.1.2.2 Sigma-notation:

with

with

Spn = g[a‘l'ﬂ

Ssa = 5[5+ (—94)]

534 - —1 513
or S, = g[Za +(n — 1)d]

Ssa = 3 [2(5) + (34— 1)(-3)]
534 = —1 513

8

Sigma notation — » 5k — 1
k=2

It reads as: Calculate the sum from where k = 2 up to where k = 8 for (5k — 1).

n

Ex. 3 Calculatenif > 3k — 1 = 442
k=1
~ Calculate: [3(1) — 1] + [3(2) — 1] + [3(3) —1] + ... + [3(k) — 1

~2 + 5 + 8 + ...

a=1
d =2
n=>"2
S, = 442

+ [3(n) — 1] = 442

. 442 =

S, = -[2a + (n—1)d]

[2(2) + (n — 1)(3)]

NS NS

442 x2 = n[4 + 3n — 3]

884 = 3n%? + 1n
0 = 3n? + 1n — 884

0 = 3n + 52)(n — 17)

—-52
nzT or n = 17

N/A

817 - 442 [n € No]
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Ex. 4 Write the following in sigma-notation:

(1)

29 + 25 + 21 + 17 + .... (to 18 terms)
T, =a+ (n - 1)d
T, = 29 + (n — 1)(—4)
T, = 29 — 4n + 4
T, = 33 — 4n
18
» Sigmanotation -» ' 33 — 4n
n=1
Exercise 2: Date:
Calculate:
@ 5+ 8+ 11 + 14+......... to 16 terms
a=>5 S, = g[Za + (n — 1)d]
d=8 - 5=3 516:§[2x5+(16—1)(3)]
n =16 = 8[10 + 15 x 3]
Sn =? Sl6 = 440
() 9 + 12 + 15 4+ 184.......... + 264
a=9 T, = a+ (n — 1)d
d =3 264 = 9 + (n—1)(3)
n=7 264 = 9+ 3n — 3
T, = 264 258 = 3n
S, = ? » n=86

Sp = 3[2a + (n — 1)d]
Sgs = 512X 9 + (86 — 1)(3)]

= 43[18 + 85 x 3]

Sge = 11739 or Sgs = 82—6[9 + 264] = 11739
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© 36 + 31 + 26 + 21+

a= 36

d=31 - 36 = -5

7
d 2 @k-1
K=1

Sequence: 4(1)—1; 4(2)—1; 4(3)—1 ;

e -7 -2+ 3 +
a= -7
d =5
n=72
T, = 123
S, =7

8+

T,=a+ (n — 1)d

123 = -7 + (n—1)(5)

135 = 5n

n = 27

15

to 34 terms

= g[Za + (n — 1)d]

= 32_4[2 x36 + (34 — 1)(-5)]

= 17[72 + 33 x —5]

= —1581

...... . 4(7) -1
[2a + (n — 1)d] or S, =Z[a + {]
q2x3 + (7 — 1)(4)] S; = 7[3 + 27]
3,5[6 + 6 x 4] S, = 105

105

123 = -7 + 5n — 5

g[Za + (n — 1)d]

= Z[2x -7 + (27 - 1)(5)]

13,5[-14 + 26 X 5]

1566

= 27 + 123] = 1566
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12
O se-mn

n=3
Sequence: 3 — (3) ;3 — (4); 3 — (5); eeuenn ; 3 — (12)

=0;-1;-2; .... ; —9
a=0 S, = g[Za + (n — 1)d] or S, = g[a + 1]

10 10

d =-1 Si0 = 7[2 x0 4+ (10 — 1)(—1)] S0 = 7[0 + (-9)]
n = 10 = 5[0 + 9)(-1] SIO = —4'5
/Q = -9 SIO = —45
S, = ?

@ nif > Bk - 2)=92
k=1

Sequence: 3(1) — 2 ;32)—2 ;33)—2; ...... ; 3(n) — 2
=1;4;7; ....

a=1 S, = g[Za + (n — 1)d]

d=3 92:2[2><1+(n—1)(3)]

n=72? 184 = n[2 + 3n — 3]

S, = 92 184 = 2n + 3n? — 3n

0=3n*? - n—- 184

0

(3n + 23)(n — 8)

n=-2NAM € Ny or n=8



() —66 — 64 — 62 — 60 —.......... — 22
a= —66 T,=a+ (n — 1)d S, =
d =2 —22 = —66 + M—1)(2) Sy =
n =27 —22 = —66 + 2n — 2 -
T, = —22 46 = 2n Sy3
S, = ? n = 23

or Sp;3
300 i
() 21(5)
Sequence: ) ; @; (Zi) ...... ; (320)
S R L ; 150
a=: sgoozszﬂ[2x%
=L s e ()
n = 300 = 150[1 + (299)(;)]
g =150 Ss00 = 22 575

18

+ (300 - D(5)| or s,

= g[z.a + (n — 1)d]

2[2%x—66 + (23 — 1)(2)]
11,5[-132 + 22 x 2]

—-1012

2[-66 + (-22)]=—1012

Ta + 4]

Ss00 = 3%[% + 150]

22 575

S300
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G nifo3 + 1,1 + 1,9 + 2,7 + .......... (tonterms) = 24,8
a= 0,3 S, = §[2a + (n — 1)d]
d=0,8 24,8 = §[2><0,3 + (n — 1)(0,8)]
n=>"2 49,6 = n[0,6 + 0,8n — 0,8]
S, = 24,8 49,6 = 0,6n + 0,8n®> — 0,8n
0 =0,8n% — 0,2n — 49,6 [x 10]

0 =8n%2 — 2n — 496 «——
0 =4n%? — n — 248

0=0@n+ 31)(n — 8)

n = == NA(n € No) or n= 8

(2)  The n'term of an AS is 2n + 3. Determine:

() the first three terms of the sequence.

T, = 2n + 3

I
vl

T, = 2()+3=2+ 3
T, = 22)+3=4+3=7
T; = 23)+3=6+3 =9

~5:7:9

(b) the 18" term of the sequence.

T, = 2n + 3
Ty = 2(18)+ 3
Tig = 36+ 3

o T18 = 39
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(c) how many terms in the sequence have a sum of 4 352.

S, = g[Za + (n — 1)d]

4352 = 2[2(5) + (n - 1)(2)]

8704 = n[10 + 2n — 2]

8704 = 8n + 2n?
0 =8n + 2n* — 8704
0=2n* + 8n — 8704
0=n%+ 4n — 4352

0=(m+ 68)(n — 64)

n+68=0 or n—-64=0

n=—68 N/A(n € Ny) or n= 64

11
(3) The following is given: Y. (3 — 3t)

t=2

(@) Write down the first three terms.

T, = 3-32)=3-6=-3 > T;=-3

&
I

3-33)=3-9=-6 - T, =—-6

&
I

3-34)=3-12=-9 - T3=-9

(b) Determine the sum of the series.

a= -3 S, = g[Za + (n — 1)d]

d=-3 S10 = 22X =3 + (10 — 1)(-3)]
n =10 = 5[-6 + 9 x —3]

S, = ? = 5[-6 — 27]

Si0 = —165
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(4) IfS, = n? + n,determine T,.
S, =72 + 7= 49+ 7 =56
S¢ =62 + 6 = 36+ 6 = 42

BUtT7:S7—S6: 56—4'2

(5) InanASitisgiventhat S, = 123 and Ts = 25.
(a) Determine the first term and the constant difference of the sequence.

Se¢ = 123 and Ts = 25
But Sg = 2[2a + (6 — 1)d] Ts= a + (5-1)d
» 123 = 3[2a + 5d] 25= a + 4d
. 123 = 6a + 15d< 25—4d = a

. 123 = 6(25— 4d) + 15d

~ 123 = 150 — 24d + 15d

. 123 — 150 = —9d
_27 = —9d
d=%2_-3

=9)

a = 25— 4(3)
a = 25— 12

a = 13
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(b) Determine n for which S,, < 403.
S, = §[2a + (n — 1)d] < 403

3[2(13) + (n — 1)(3)] < 403
n[26 + 3n — 3] < 806
26n + 3n®> — 3n < 806
3n’+ 23n — 806< 0

~ Bn+62)n—-13) < 0

0<n<13 \ /
(n € Ny) -20,6\/13

(6) Given: —=1; 2; 5; 8; .........
(a) Determine the twentieth term of the sequence.

a=-1 T,=a+ (n — 1)d

d=3 W Ty = =1 + (20 — 1)(3)

n = 20 a Ty = —1 4+ (19)(3) = -1 + 57
T, = ? % Ty = 56

(b) Determine the sum of the first twenty terms.

a=-1 S, = §[2a + (n — 1)d]

d=3 s Sy = 2[2(=1) + (20 — 1)3)]

n =20 # Sy = 10[-2 + (19)(3)] = 10[—2 + 57]
S, = ? # Sy = 550

(c) Which term in the sequence is equal to 567

a=-1 T,=a + (n — 1)d
d =3 W T, = =1 4+ (n—1)(3)
n=>7 &~ 56=-1+4+3n — 3
T, = 56 ~ 56+ 1+ 3 = 3n

3n = 60

n = 20
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(d) How many terms in the sequence must be added to give a sum of 259?

a= -1 S, = g[Za + (n — 1)d]
d=3 . 259 = 3[2(—1) + (n — 1)(3)]
n=7? 25922[—2+3n—3]

S, = 374 . 518 = 3n? — 5n

0=3n2-5n-518
0=3Bn+37)n—-14)

14

n = _737 N/A (n € Ny) or n

(7)  Thefirstthree termsofan ASare: 7x —1; 2x + 3 and 3 — 5x
(@) Determine the value of x.
AS - d - T,—-T1=T-T,
~2x+ 3)—-(7x —1)= 3 - 5x) — 2x + 3)
2x+ 3 —7x+1 = 3 - 5x — 2x — 3

—-5x + 4 = -7x
—5x + 7x = —4

2x = —4

X = —2

(b) Write down the first four terms of the sequence.
T,=7x -1 = 7(-2)-1=-14—-1= —15
T,=2x + 3=2(-2)+3= —4+3= -1
T;=3 - 5x=3-5(-2)=3+10=13
~ Thesequence: —15 ; —1; 13 ; 27 ; ...

(c) Calculate: Tyg.
a=-15 T,=a+ (n — 1)d

d = 14 © Tyg = —15 + (18 — 1)(14)

—-15 + 238

TTL = ’7 o T18 = 2 2 3



26




27

(d) How many terms should be added to the first 18 terms to have a sum of 2 3607

(8)

(@)

(b)

a = —15 S,
d =14 2360
n=~=2 2360
S, = 2360 4720
0
0

§[2a + (n — 1)d]
S[2(=15) + (n — 1)(14)]
g[—so + 14n — 14]
14n? — 44n

14n? — 44n — 4 720

7n% —22n -2 360

0=(7n+118 )((n—20)

n = == NA @ € Np)

or n 20

-~ Two terms should be added to the first 18 terms to have a sum of 2 360.

The first term in an AS is 23 and the last term is —369.

The sum of the series is — 9 861.

Determine the number of terms in the series.

a= 23 Sn = la + {]
{ =-369 —9861 = 3[23 + (-369)]
n=7? -9861= 3[23 —369]
S, =—9861 9861 = g X —346
-9861 = —173n
- 9861
n:
-173
n= 57
Determine the constant difference of the terms in the series.
a =23 T,=a+ (n - 1)d
d="> —369 = 23 + (57 —1)d
n = 57 —369 = 23 + 56d
T, = —369 —369 = 23 + 56d
—56d = 23 + 369
—56d = 392
d= -7
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(c) Determine the thirteenth term.

a =23 T,=a+ (n — 1)d
d=-7 f© Tyz = 23 + (13— 1)(=7)
n = 13 © Ty = 23 — 84
T3 = ? n T3 = —61

(9)  Given arithmetic sequence: 3k + 2 ; 5k + 1; 7k ; 9%k —1
(@) Determine the constant difference in terms of k.

d=T,—- T, or d=T;— T,

d= (5k+1) -3k +2) d= (7k) — (5k+ 1)
=5k +1-3k—-2 =7k—-5k—-1
d=2k-1

(b) Determine the sum of the first twelve terms in terms of k.

a= 3k+2 sn:§[2a+(n—1)d]

d=2k-1 s Siz= 2123k +2) + (12 — 1)(2k—1)]
n =12 & S12= [2(3k+2) — (11)(2k — 1)]

S, =? % S12= 6[6k+4 + 22k —11]

. SlZ = 6[28k — 7]
5o SIZ = 168k - 4'2

Al.1.3 Applications:

Ex. 5 Rachel is training for a marathon. She runs 20 km on the first day’s preparation.
She decides to run 3 km further as the previous day on each day of her preparation.

(a) If she follows this exercise program, calculate during which day of exercise
she will run 56 km.

(b) Calculate Rachel’s total distance she ran for the first 10 preparatory exercises.

(@ AS: 20; 23; 26; 29; ...... ; 56
a=20 T, = a+ (n - 1)d
d=3 + 56 =20+ (n— 1)3)
n=2 &~ 56 =20+ 3n - 3
T, = 56 »—3n = 17 — 56
~ —3n = -39
n = 13

~ Rachel will run 56 km on the thirteenth day.
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(b) Sy = ? S = 3[2a +(n—1)d]
~ S0 = 2 [2(20) + (10 — 1)(3)]

SIO = 335
. Rachel’s total distance for the first 10 days is 335 km.

Exercise 3: Date:

(1)  Cory cuts sixteen pieces of string for a project. The shortest piece of string is 28 cm in length
and the longest piece is 88 cm in length. If the lengths of the sixteen pieces of string are
written down, it forms an AS.

(a) Calculate the length of the 13" string in the sequence.

Sequence: 28; ..........; 88

a= 28 T,=a+ (n — 1)d

d =7 T = 28 + (16 — 1)d

n = 16 88 = 28 + 15d

T, = 88 ~ —15d = 28 — 88 = —60
d= :—igz 4

a =128

o
I
N
-
[y
w
I

28 + (13 — 1)(4)
n =13 T;3 = 28 + 48
T13 =? o T13 =76

The 13" piece of string is 76 cm in length.

(b) Calculate the total length of all 16 pieces of string.

a =28 S, = §[2a + (n — 1)d]

d =4 S16= 212(28) + (16 — 1)(4)]
n = 16 = 8[56 + 15 x 4]

S, = ? ©  S; = 928

The total length of the 16 pieces of string is 928 cm.



