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Chapter A2
Logarithms and function inverses

See grade 11 Functions and exponents for revision and background!

A2.1 Logarithms:
A2.1.1 Definition of a logarithm:

Logarithms are the inverses of exponents.
Ex. If 2°> = 32 then log,32 = 5
~ Per definitionif y = log,x <& x = a”¥ with a > 0; a #1 x >
Remember: * log,1 = 0 because a° =1
* The natural logarithm is logx < logiox

1

* loggaa =1 because a = a

A2.1.2 Laws of logarithms:

For a > 0;a # 1 ;b >0;b #1; x >0ady >0

log, x + log,y = log,xy

logox — logyy = log,3
e nlog,x = log,x™

logp x
logp a

log, x =

Ex. 1 Simplify: (Without using a calculator.)

(@) logs2 + log,32 (b) log200 — log2
= log,(2 X 32) = log(200 - 2)
= log,(64) = log 100
= log,(4%) = log;o 107
= 3log,(4) = 2logy0 10
= 3(1) = 2(D



(©)

log; 36 X logg 9
log 36 log9
log3 log6
log 62 log 32
log3 log6
2logé6 2 log3
log 3 log6
2log6 x 2l1eg3
leg3 log6
2Xx2

4

(d) logs16 + log3§ — log, 1

= log, 4% + logz3™1 — 0

= 2log,4 + (—1)log;3

= 2(1) — 1(1)

=2 -1
=1

Ex. 2 1f log3 = 0,477 and log5 = 0,699, calculate:

(Without using a calculator.)

(a) log45

Ex. 3 Solve for x : (Without using a calculator.)

()

log(9 x 5)
log(32 x 5)
log3% + log5
2 log3 + log>5

2x0,477 + 0,699

0,954 + 0,699
1,653

logx + log(x + 3)= 1

s~ logox(x +3) =1

but x # —5,because x > 0

~ 101 = x%2 + 3x

-~ 0
-~ 0
X

= =5 or

=x% 4+ 3x —10
x + 5k - 2)

x =2

(b)

(b) log30

= log(3 x 10)

= log3 + log10
= log3 + log10

= 0,477+ 1
= 1,477

. (x+4) _
s logy=—— =
. (x+4)

- logz—— =

(x+4)
x

x+4 =
xX—5x =
—4x =

X =

log; 5
log; 5
5

1

logz(x +4) — logz x =log3 5

[Per definition]

Ex. 4 Solve for x : (Use a calculator and give your answer correct to 2 decimals.)

()

3*=7

-~ logs7 = x
_ log7
log3
x=1,77

(b) 1,3 =2*"3
~ log;1,3 = x—3

X — _ log1,3
log 2
x—3=0,3785...

x~ 3,38
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Exercise 1:
1) Write the following in logarithmic form:
3 _ _ (1Y
(@) 73 = 343 0  x=(3)
- log,343=3 - log%x =2
(©) y = 2x+ 1 (d) 2logx — g
- log,y=x+1 - log, 5 =1logx

@) Write the following in exponential form:

@) log,32 = 5 (b) logy =k
> 25=32 - 10k=y
(©) m = logs k (d) logs % =-3
_ — |
- 3M=k - 37 =

3) Write the following as separate logarithms with base 10 if {x;y;t; p} > 0:

(a) log~> ()  logp*t
= logxy —logp = 2log,p +log;t
=logx +logy — logp =2%+1
4) Write the following as a single logarithm if {x ; y ; t ; p} > 0:
@ logt —logy+ 2 logp (b) log,(x —2) —log,(x + 1) —log, x
=logt —logy + logp? =log2%
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(5) Simplify without using a calculator:
@) log 25 +log8 — log2
= log(25 x 8 + 2)
= log 100
= log 102
= 21log1p10 = 2x1

=2

(b) log, 16 + 3logs (%) — log;s1
= log,2* + 3log;37% — log;s15°
= 4log,2 + (3 x—2) logz3 — 0 log4515
= 4x1+(-6)Xx1-0x1=4—-6—0

= -2

log32 — log 243
© log3 — log2

log25 - log35
log3 — log2

5log2 - 5log3
log3 — log2

5(log2 — log3)
—1(log2-log3)

o
5(log2 — log3)

—1(log2—tog3]

= —5



(d)

(€)

()

logs 27 + logs9
log5 \/§

logz27x9  logs;243

1 -1
log; 32 7 l0gs 3

= 2 X log; 243
= 2 x logz 3%
=2 xXx51logz3=2x%5

= 10

log8 000 — log 8

8000

= log s

=log1 000
= log 103
=3log10
=3x1

=3

or
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%log4 16 + logy, 0,04 — log; V27 — log25 x logs 1

:%10g4 4% + log,,(0,2)* — log; V33 — log25 x 0

:%10g4 4% + log,,(0,2)* — log; V33 — log25 x 0

3
:% x2xlog,4 + 2 xlogp,0,2 —log3z3z — 0

:%x2x1+2x1—§xlog33

=1+2->x1

=3 —

N|Ww

3
2
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(6) Solve for x: [Where necessary, round off correct to 2 decimals.]

@) log,2x = 3

43 = 2x
64 = 2x
x =32

(b) logs(x + 2)+ logzx = 1
logsx(x+2)=1 or logs x(x +2) =log3 3
31 = x%2 +2x “ EB < EE
0= x*+2x-3
0=(x+3)(x—-1)
x=-3 or x=1

N/A — Ex. logz —3 is not admissible by definition

(© log,(2x +12) — 2 = log, x
log,(2x+12) — 2 log, 2 = log, x

log,(2x + 12) — log, 2% = log, x

log, (Zx;:lz) = log, x
xr1z) _ - EB < EE
4
2x+12 =4x
12 = 4x — 2x
2x =12
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(d) 73% = 14
log; 14 = 3x
lﬁ)g% = 3x
3x =1,356... - Use a calculator
3x =1,356...
x =~ 0,45

@) Write the following in terms of m and/or n if log6 = m and log 3 = n:

@) log 18 (b) log,, 36
. __ log36 _ log 62
= log3 x6 " log27  log33
__ 2logb
= log3 +log6 " 3log3
_ 2m
=m+n ™
(c) log 300 (d) log 20
= log3 x 100 = log2’
= log3 +10og100 = log6 x 10 —log 3
= log3 +log10% = log3 + 2 log 10 = log6 +1og10 —log 3

=n+2 = m+1—n
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A2.2 Inverses:

The rule for the reflection inthe linex = yis: (x;y) & (y; x)

This reflection in the line y = x is referred to as the inverse < it means that the x and y
swap places!

The inverse of f(x) is written as f~1(x).

Ex. 5 Determine f~1(x) in each of the following in the form f~1(x) =... :

3

(a) f(x) = 57 (b) frx——
For f: y = 5x? . Forf: yzxiz
— _ 3
For f~1: x = 5y? ~ For f~1: X=55
X _ 2 : =3
5 Y oyt 2z=3
3
y=i g y=;—2
— _ 3
o=+ s f@) =1 -2
Exercise 2:

(1)  Determine f~1(x) in each of the following and write it in the form f~1(x) = .......

@ fx)=3x-4 - y=3x—4 (b) fx)=5" - y=5"
L x=3y—4 1 x =57
3y=x+4 ~  y=logsx
y =22 f1(x) =logsx
[ =77
© fG)=-2x* > y=-2x* (d) f(x) = logosx — y=logosx
[t x = -2y f7i x=logysy
== ny=0,5"
y=+ _g ~  f1(x)=0,5*
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(2)  Determine g~1(x) in each of the following and write it in the form g~1: x —

@ g:x->35 - y=; b)) g:x— loggx — y=logzx
gt x =7 g x =logsy
y =4x W y=3*
g lix—- 4x g lix- 3*
(c) g:x—> 3t - y=3%¥F1 d g:x-> -05x - y=-05x
g " x=37+1 g x=-0,5y
y+1=1logsx }’Z%'s
y=logzx — 1 v oglhixo —%
g lix- logzx — 1
(3)  Determine h in each of the following and write it in the form h(x) = .......
(@ AU = log;x - y=log;x b A= 2 o y=12
h: x =log,y h: xzy;z
L oy=7% 3x=y—-2
h(x) =7* y=3x+2
h(x) =3x+2
() hl(x)= ixz > y= ixz (d hi(x)=logx - y= logx
h: x =1y h: x=logy
v 4x = y? sy =10*
y = +V4x & h(x)=10*

h(x) = +V4x
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(4)  Consider the following: p(x) = {(1;7) ;(2;8);(3:9) ; (4; 10)}
(@) Is p afunction? Motivate your answer.
Yes, p is a function, because none of the x-coordinates are repeated.
(b) Write down the range of p~*(x).

Rp—1 ={1;2;3;4} - Rp_1 = D,

(5)  Explain the difference between f~*(x) and (f(x))~*.
f~1(x) is the inverse of a function and (f(x))_1 is the reciprocal of the function.
AIEf() =2xthen i) =% and (f() =4

> y=2x oForf 1. x=2y

A2.3 Graphs of inverses:
A2.3.1 Graphs of inverses of the straight line:

See grade 11 Linear Functions for revision and background!

If the function f(x) = mx + c is given, the inverse will obtained as follow:
fx)= mx +c & y = mx +c
~ For the inverse the x and y swap place: x = my + ¢

X—C

= y = [Make y the subject!]

m

X —C

= Inverse function

s fTH =

m

Ex.6 Given: g(x) = 2x — 4
(a) Determine g~1(x) = .....

(b) Sketch g(x) and g~—1(x) on the same system of axes.

@ gx):y =2x — 4 © v gl x): x =2y — 4
2y = x + 4
y=%x+2

£ g7l = Jx + 2
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(b) For g(x): x-intercept (y = 0) y-intercept (x = 0)
2x — 4 =0 y = 2(0) — 4
x = 2 ~y = —4
(2;0) and (0 ; —4)

For g 1(x): xandy of g(x) swap place:

y-intercept (x = 0) x-intercept (y = 0)
~ (0; 2) and (-4 ;0
Y
: A
3
1
<RS/-4321Ql T2 5 1 5 X
1 1
g ,
N\
g(x)‘[vd




85

A2.3.2 Graphs of inverses of the parabola:

See grade 11 Quadratic Functions for revision and background!

Ex.7 Given: g(x) = 2x* with x > 0
(a) Determine g~1(x) = ...
(b) Sketch g(x) and g~—1(x) on the same system of axes.
(c) Write down the domain of g~1(x).

(@ gx): y =2x2with x>0 o -~ glx): x=2y*withy >0
2 _ X
Yo =3
X
.
but y > 0
g7 = +\/§

(b) For g(x): Use atable, because the x-and-y intercepts and the turning pointis (0; 0).

x 0 1 2 x >0
y 0 2 8

For g 1(x): xand y of g(x) swap place:

x 0 2 8
y 0 1

N

A 9K

g+ (x)
> X

(© Dg‘l: x =0
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A2.3.3 Graphs of inverses of the exponential function:

See grade 11 Exponential Functions for revision and background!

If the function f(x) = a* is given, the inverse will obtained as follow:
fx)= a¥ & y=a*
=~ For the inverse, the x and y swap places: x = a”
= y = log, x [Make y the subject!]

=~ The inverse of an exponential function is a logarithmic function.

Ex.8 Given: g(x) = 2*
(a) Determine g~1(x) = ...
(b) Sketch g(x) and g~1(x) on the same system of axes.
(c) Write down the equation of the asymptote of g~1(x).

@ gx): y=2* = vogix): ox =2

y = logz x

g7 '(x) = log,x

(b) For g(x):

x ~1 0 1 A 9x)

1
y > 1 2 1

g7 (x)
For g 1(x): xand y of g(x) swap places: (0;1)
< = > X

1 ] / (1,0)
X E 1 2 \\' .
y -1 0 1 \4

(c) Asymptote of g~1(x):

x=0



Exercise 3:

1) @

(b) Determine g~ and write it in the form g~1(x) =
-1,

9

(©)

(d)
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Sketch: g(x) = x* + 1 for x < 0.

X 0 -1 -2
y 1 2 5
Y
N

9(x) ]

o}

\ s

\ |

1

P o'
\543-21,0' 2 3 4 5

-1 ~—

_+ 2 T~
N 3 g7(x)

5

\ 4

y:P + 1=x

y: =x-1

for

y <0

y=+tVx—1 - glx)= —Vx—1

Sketch g~1(x) on the same system of axes as g(x).

X

1

2

5

y

0

-1

-2

Rg—1: y < 0

)
(@)

h 1

Q-

y = logix
2

h™! =logix
2

Write down the range of g~ (x).

IA
(=

IA
(=)

Given: h(x) = 27 - h(x)= 2*=2H*= G)x =Yy

Determine h~! and write it in the form A~ 1(x) =
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(b) Sketch h and h~! on the same system of axes.
h: X -1 0 1 Asymptote: y =0
y 2 1 -
h™1: x 2 1 1 Asymptote: x = 0
2
-1 0 1
Y
A
h(x) -
/ o)
\ N
2 *
11"
<5432131\2343>X
3 2
2
ﬁ . 3 \\
4 h-l/\,)
T L \/\
\ 4
(c) Write down the domain of hA~%(x). Dj-1: x>0

(d) If p is the reflection of h in the y-axis, determine the equation of p and write it in
the form p(x) = .......

p@ = (3"
p(x) = 2%
(e) Determine p~*and write it in the form p~*(x) = .......
pl(x) = log;x

3) Given: f(x) = a* and g(x)
with P(2; 9).
(@) Determine the value of a.

Xy
y=f(x) = a* through P(2;9)
9 = aq? <
a=3 - a>0 /+'."'

(b) Give the coordinates of A.
A(0; 1) v
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(c) Determine the equation of g(x), if g(x) is the mirror image of f(x) in the line y = x.
g(x) is the inverse of f(x) with f(x) =y = 3*
for g: x=13
y =g(x) =logz x

(d) Give the coordinates of B. B(1;0)

(e) For which values of x will g(x) be defined?

Defined — Domain = Dyt x>0

(f) Write down the equation of the asymptote of g(x). y-axis - x=0

4) Given: t(x) = a* and p(x) = bx? Y
A
met A(—2; 4). p
(a) Determine the values of a and b.
x .y
t(x) =y= a* through A(-2;4)
4 =q 2 A
-1
4= :
a? =1
4 < > X
a= % - a>0
X y v
p(x) =y = bx? through A(-2;4)
w4 =b(-2)?
4 = b(-2)?
4 =b(4)
b=1

(b) Write down the following: ¢t~ 1(x) =

w == ()
For t71(x): X = G)y
y y= log%x

t 1(x) =logix
2

(c) Write down the following: p~(x) = ......
p(x) = 1x2 - y = x?
For p~1(x): x = y?
y=+Vx

~ p i) = +/x



90

(d) Explain why p~*(x) is not a function. ; %)

Because p~1(x) each input does not have a unique output.
See sketch.

A
v

(e) Determine x for which t~1(x) > 0.
y=0
0<x<1

¢" ~

- - ‘ -

See the solution in green. \ )
" X

(f) Calculate: £71(0,25) + p(3)
=10g1 0,25 + (3)2
2

A

=2+9
=11

(5) The graph of f(x) = a* is sketched alongside. N f(x)
The point B(3; 8) lies on the graph of f.
(a) Show thata = 2.

Xy
f(x)=y=a* through B(3;8)
8 =ad
23 =a
a=2 EB < EE

(b) Write down the coordinates of A.
A(0;1) because y=2°=1

(c) Write down the equation of f~1(x)
inthe form f~1(x) = -
fx)=y= 2%
For f~1(x): x=2Y
« i (x) =y =log; x

(d) Sketch the graph of 1.
Show the x-intercept and ONE other point.  See sketch.

(e) For which values of x will f~1(x) = f(x)?

None — f~1(x)and f(x) don’t intersect.



(6)
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(f) Write down the equation of g if g is the reflection of f in the y-axis.
gx) =) or gx) =27

() Write down the equation of h if h is the reflection of £~ in the x-axis.

h(x) = —log, x

(h) Are g and h one another’s inverse? Motivate your answer.
Yes, because g(x)=y=27* - gL x=27Y
—y =log; x
y = —log, x = h(x)

(i) For which values of x will f~1(x) = 0? - y=>0 for -1

. x=>1

() Calculate: f71(2) + f(-2)
= log,2 + 272

1+

On the right is the graphs of f(x) = 2*
andg(x) = — (x — 1)? + b,
with b as a constant value. The graphs of

f and g intersects on the y-axis at C.
D is the turning point of g.

(@ Showthat b = 2.
C is the y-intercept of both f and g.
For f: y=2* with x=0 - for y-intercept
. y=2=1 - C(0;1)

Forg: y=—(x—-1)*+b through C(J(c) ;}i)
1=—(0-1)2%+b
1=—(-1)2%+b
1=-1+b
b=2
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(b) Write down the coordinates of the turning point of g. TP: (1;2)

(c) Write down the equation of f~1(x) inthe formy = .......
flx)=y=logyx

(d) Sketch the graph of £~ on the same graph as given above.
Show on your graph the x-intercept and the coordinates of one other point.
See graph!
Other point: Ifx=4 - y=1log,4=2
. K(4;2)
(e) Write down the equationof hif h(x) = g(x + 1) — 2.
h(x) = [-(@+1) - 1)" + 2| - 2
h(x)= [-(x+1-1%2+2]- 2
h(x) = [-(x)* +2] - 2
h(x) = —x*+2—- 2
h(x) = —x?

(f) How can the domain of h be restricted so that A=t will be a function?
The domain of h should be limited as below for h~1 to be a function:

x<0 or x>0

— The range of h=1 will be as follow:

y<0 or y=0

(g) Determine the maximum value of 22~ (r=1D?

The maximum value of 22~ &= D? will be at the maximum value
of[2 — (x — 1)?]
2 - (x—1?%=-(x—-1%+2

— maximumvalueis2 = read from the turning point (1;2)

H 2
- maximum value of 22~ ®-D" = 22

: 2
- maximum value of 22~ *~-D" =4



1)

(2)

(3)

(4)

or
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REVISION FROM PAST PAPERS:

Exercise A:

. . 1\*
Consider the function f(x) =y = (g) - y=37"

Is f an increasing or decreasing function? Give a reason for your answer.

Decreasing function v Reason: 0 <a <1 v or Asuxincreases, f(x) will

decrease.

Calculate f~1(x)intheform y = ........

F1x): x= G)y v or x=3"7

y =logix v y =—log; x
3

Write down the equation of the asymptote of f(x) — 5.
y= -5 Vv

Describe the transformation of f to g if g(x) = logsx.
A reflection in the line y = x followed by a reflection in the x-axis. vv

A reflection in the y-axis followed by a reflection in the line y = x.

()

(2)

(1)

(2)
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Exercise B:

The graphs of f(x) = 2* — 8 and g(x) = ax? + bx + ¢
sketched below. B and C(0 ; 4,5) are the y-intercepts of the graphs of f
and g respectively. The two graphs intersect at A, which is the turning point of the

graph of g and the x-intercept of the graphs of f and g.

Y
A
f
g
C(0; 4,5)
< » X
/A
B
/
v
(1) Determine the coordinates of A and B. 4)
A: x-interceptofg - y=0 B: y-interceptofg - x=0
v v
- 0=2"-8 - y=2°-8
> 8=23=2*% - y=1-8
- x=3 - y=-7
. A(3;0) Vv ~ B(0;=-7) v
(2) Write down the equation of the asymptote of graph f. (1)
y= -8 Vv
(3) Determine the equation of hif h(x) = f(2x) + 8. (2)

h(x) = f(2x)+ 8=22*-8+8 >  hx)= 2% =4 Vv

(4) Determine the equation of h=tin the formy = ..... (2)
h=1: x=4Y - y=log,x vV
(5)  Write down the equation of p, if p is the reflection of A= in the x-axis. (1)

p(x) = —logsx or p(k)=logix v
4
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5

3
(6) Calculate ) g(k) — Y g(k). Show ALL calculations.

1)

)

@)

(4)

(5)

=[g0)+g(1)+g92)+g3)]—-[g4)+g(5)] v

/N N

=g0)+g1)+9g2)+9g3)—g@4) —g(5) with x = 3 the line of symmetry
=9g(0)+9g(@3) v because g(1)=g(5) and g(2)=9g4)

=45-0 VY - Given C(0;4,5) and calculated in (a) A(3;0)

=45 Y

Exercise C:

Given: f(x) = 3*
Determine an equation for £~ in the form £~ (x) = ...
f1)=logsx v

Sketch the graphs of fand f~1, clearly showing ALL intercepts with the axes.

Y
A f(x) v

f1(x)v

O' X
< o [(1;0)/ >

v

Write down the domain of f~1.

Df1: x>0 or xE€ (0;00) vV

For which values of x will f(x).f ! (x) < 0?
0<x<1 vv wheref(x)>0 and f1(x)<0

Write down the range of h(x) = 37 — 4.

(4)

@)

(4)

)

)

(2)



(6)

(1)

@)

(3)

(4)
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Write down an equation for g is the graph of g is the image of the graph of
f after f has been translated two units to the right and reflected about the x-axis.

g =32 77

Exercise D:

The graph of f(x) = —V27x forx = 0 is sketched below.
The point P(3; —9) lies on the graph of f.

vINF1

Y

v A
(—3:9)

P(3;-9)

v

Use the graph to determine the values of x for which f(x) = —9.
0<x<3 vv For 0 <x <3 only1mark

Write down the equation of £~ inthe form y = ..... Indicate ALL restrictions.

f1: x =—/27y - ()%= (—\/ﬁ)’)z v
x% =27y
v v
_ ¥ _ 1 3 o
y=5;=5% for x<0or xe(-»;0)
Sketch f~1, the inverse of f. Indicate the intercept(s) with the axes and the

coordinates of ONE other point.
See sketch above!

Describe the transformation of f to g if g(x) = v27x for x > 0.

Reflection about the x-axis or (x;y) - (x:—y) for x>0 v

@)

(2)

(3)

3)

1)



(1)

@)

3)

(4)
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(6)
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Exercise E:

The graph of f(x) = G)x is sketched below.

AY

< 1 » X
v .
0 P (3:-1) f1
v v

Write down the domain of f.

R or x€(—o;0) Vv

Write down the equation of the asymptote of f.

y=0 v

Write down the equation of =1 inthe form y = .....

y
L x=(§) =37 v -5 y=logix = —loggx Vv
3

Sketch the graph of £~ . Indicate the x- intercept and the coordinates of ONE other
point. See sketch above!

Write down the equation of the asymptote of £~ (x + 2).

x =—-2 vv" Graph moves two units to the left

Prove that: [f(x)]? — [f(—x)]? = f(2x) — f(—2x) forall

values of x.
2 2

o= reor - o= (G -[6)T
LHS = 372* - 3% v
RHS = f(2x) — f(-2x) = (%)Zx— G)_zx v
RHS = 372x — 3%x
~ LHS = RHS

[FO) = [f(=0]* = f2x)— f(-2x)

(1)

(1)

@)

(3)

@)

(3)
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Exercise F:

The graphs of g(x) = k* ,with k >0 and y = g 1(x) is
sketched below. The point (2; 36) isapointon g.

A
g
(2 ; 36)
/ A g-l
b 0 1 > X
v
vy
v
Determine the value of k.
gx)=k* - y=k* - 36=k*v s+ k=6 v (k>0)

Write down the equation of g=1 inthe form y = ......

gl x=6" v - y=loggx v

For which value(s) of x will g71(x) < 0?

03x§1 or x€(0;1]

Write down the domain of h, for h(x) = g1 (x — 3).
x>3 or x€(3;0) YV

Sketch the graph of the inverse of y = 1. See sketch above!
Inverseofy=1 - x=1

Is the inverse of y = 1 a function? Motivate your answer.

No, x = 1 is not a function, because the line is not a one-to-one fuction.

v

(2)

@)

@)

(1)

@)

(2)
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Exercise G:

1) Given the graph of g(x) = log: x
A is the x-intercept of g.

p(% ; 2) is a point on g.

v

_ Y
g A
> P(3:2)
0;1)
< \A T 9>X
2 ;—) v
g
\/
(1) Write down the coordinates of A. (1)
A(1;0) v
(2) Sketch the graph of g~ and indicate intercepts as well the coordinates of ONE other (3)
that will lie on the graph. See graph above!
(38)  Write down the domain of g~1. (1)

R or Xx€(—o;0) VvV
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